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Abstract 
 
The quaternion linear canonical transform (QLCT) is a generalization of the 
classical linear canonical transform (LCT) using quaternion algebra. The 
focus of this paper is to introduce an application of the QLCT to study of 
generalized swept-frequency filters. 
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1. Introduction 
The linear canonical transform (LCT) has been studied extensively in the literature. It 
plays an important role in many field of optics and signal processing [1, 5, 6]. The 
LCT can be regarded as generalization of many mathematical transforms such as the 
Fourier transform, Laplace transform, the fractional Fourier transform, the Fresnel 
transform and the other transforms. Many useful properties of this extended transform 
are already known, including shift, modulation, convolution, correlation and 
uncertainty principle (see, e.g., [7] and the references therein).  
Recently in [4], the authors introduced the quaternion linear canonical 
transform (QLCT), which is generalization of the LCT in the framework of 
quaternion algebra. Several fundamental properties of the generalized transform such 
as the Parseval's formula and uncertainty principle are established. Here we provide 
an application of the QLCT to study of generalized swept-frequency filters. 
 
 
2. Quaternion 
The quaternion, which is a type of hypercomplex number, was formally introduced by 
Hamilton in 1843. It is a generalization of complex number to a 4D algebra and is 
denoted by ℍ. Every element of H can be written in a hypercomplex form as follows 
ℍ = {ݍ = ݍ଴ + ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ; ݍ଴,ݍଵ,ݍଶ, ݍଷ ∈ ℝ}.                      (1) 
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Here the three different imaginary pats obey the following multiplication rules: 
 
࢏࢐ = −࢐࢏ = −࢑, ࢐࢑ = −࢑࢐ = ࢏,࢑࢏ = −࢏࢑ =  ࢐, ࢏૛ = ࢑૛ = ࢏࢐࢑ = −1,                  (2) 
 
For a quaternion ݍ = ݍ଴ + ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ ∈ ℍ, ݍ଴ is called the scalar part of 
ݍ denoted by ܵܿ(ݍ) and a pure quaternion ࢗ denoted by Vec (ݍ) = ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ. 
Any quaternion q may be split up into 
ݍ = ݍା + ݍି,ݍ± = 12 (ݍ ± ࢏ݍ࢐).                                                                (3) 
 
Above gives 
ݍ± = {ݍ଴ ± ݍଷ + ࢏(ݍଵ ∓ ݍଶ)} 1 ± ࢑2 .                                                         (4) 
 
Or, equivalently, 
ݍ∓ = {ݍ଴ ∓ ݍଷ + ࢏(ݍଵ ± ݍଶ)} 1 ∓ ࢑2 .                                                        (5) 
 
The proof of equation (4) easily can be seen from   ݍ± = 12 (ݍ ± ࢏ݍ࢐) = 12 {(ݍ଴ + ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ) ± ࢏(ݍ଴ + ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ)࢐} = 12 {(ݍ଴ + ࢏ݍଵ + ࢐ݍଶ + ࢑ݍଷ) ± (࢑ݍ଴ + ࢏࢑ݍଵ + ࢑࢐ݍଶ + ݍଷ)} = 12 {(ݍ଴ ± ࢑ݍ଴) + (࢏ݍଵ ± ࢏࢑ݍଵ) + (࢐ݍଶ ± ࢑࢐ݍଶ) + (࢑ݍଷ ± ݍଷ)} = 12 {(ݍ଴ ± ࢑ݍ଴) + (࢏ݍଵ ± ࢏࢑ݍଵ) + ((−࢏࢑)ݍଶ ± (−࢏)ݍଶ) + (࢑ݍଷ ± ݍଷ)} = 12 {ݍ଴(1 ± ࢑) + ࢏ݍଵ(1 ± ࢑) ∓ ࢏ݍଶ(1 ± ࢑) ± ݍଷ(1 ± ࢑)} = ((ݍ଴ ± ݍଷ) + ࢏(ݍଵ ∓ ݍଶ)) (1 ± ࢑)2 . 
 
 
3. Quaternion Linear Canonical Transform 
Since the quaternion multiplication is not commutative, the definition of the 
quaternion linear canonical transform (QLCT) is not unique. In this part, we firstly 
begin with the definition of the QLCT. 
 
Definition 3.1 (QLCT). ܮ݁ݐ ܣଵ = (ܽଵ,ܾଵ, ܿଵ,݀ଵ) and ܣଶ = (ܽଶ,ܾଶ, ܿଶ,݀ଶ) be two 
parameters statisfying det (ܣଵ) = ܽ௦݀௦ − ܾ௦ܿ௦ = 1, ݏ = 1,2. the QLCT of a 
quaternion signal ݂ ∈ ܮଵ(ℝଶ;ℍ) is defined by 
Quaternion Linear Canonical Transform Application 21 
 
ܮ஺భ,஺మℍ {݂}(࣓) = ቐ ∫ ݂(ݔ)ܭ஺భ(ݔଵ,߱ଵ)ܭ஺మ(ݔଶ,߱ଶ)݀࢞,  ܾଵܾଶ ≠ 0ℝ૛
ඥ݀ଵ݀ଶ݂(݀ଵ߱ଵ,݀ଶ߱ଶ)݁ఓቀ೎భ೏భమ ቁఠభమ݁ఓቀ೎మ೏మమ ቁఠమమ ,ܾଵܾଶ = 0.                 (6)   
 
The kernel of the transform is given by, respectively, 
ܭ஺భ(ݔଵ,߱ଵ) = 1ඥ2ߨߤܾଵ ݁భమఓቀೌభ್భ௫భమି మ್భ௫భఠభା೏భ್భఠభమቁ                                            (7) 
and 
ܭ஺మ(ݔଶ,߱ଶ) = 1ඥ2ߨߤܾଶ ݁భమఓቀೌమ್మ௫మమି మ್మ௫మఠమା೏మ್మఠమమቁ                                            (8) 
 
where ߤ stands for an unit pure quaternion so that ߤଶ = −1. 
Here ݁ఓቀ
೎భ೏భ
మ
ቁఠభమ and ݁ఓቀ
೎మ೏మ
మ
ቁఠమమ are called chirp signals in signal processing.            
From hence we will deal with the case when ܾଵܾଶ ≠ 0, because ܮ஺భ஺మℍ {݂}(࣓) is trivial 
for ܾଵܾଶ = 0. 
As a special case, when ܣଵ = ܣଶ(ܽ௜ , ௜ܾ , ܿ௜ ,݀௜) = (0,1,−1,0) for ݅ = 1,2, the 
LCT definition (6) reduces to the QFT definition (see [2, 3]. That is 
ܮ஺భ,஺మℍ {݂}(࣓) = න ݂(࢞) 1ඥ2ߨߤ
ℝమ
݁ିఓఠభ௫భ
1
ඥ2ߨߤ ݁ିఓఠమ௫మ  ݀࢞ 
                         = න ݂(࢞)݁ିఓ࣓∙࢞
ℝమ
݀࢞
12ߨߤ = ℱ௤{݂}(࣓) 12ߨߤ ,                                                                                                         (9)  
 
where the QFT of ݂ ∈ ܮଶ(ℝଶ;ℍ) is defined by 
ℱ௤{݂}(࣓) = න ݂(࢞)݁ିఓ࣓∙࢞݀࢞.
ℝమ
                                                  (10) 
 
The following lemma demonstrates the general relationship between the 
QLCT and the QFT of a signal ݂. 
 
Lemma 3.2  The QLCT of a signal f with ܣଵ = (ܽଵ,ܾଵ, ܿଵ,݀ଵ) and ܣଶ =(ܽଶ,ܾଶ, ܿଶ,݀ଶ) can be seen as the QFT of signal ݂ in the form 
ܮ஺భ,஺మℍ {݂}(࣓) = ℱ௤ ൜݂(࢞)݁ఓ ೌభమ್భ௫భమ݁ఓ ೌమమ್మ௫మమൠ ൬߱ଵܾଵ ,߱ଶܾଶ ൰ 1ඥ−2ߨߤܾଵ 1ඥ−2ߨߤܾଶ ݁ఓ ೏భమ್భఠభమ݁ఓ ೏మమ್మఠమమ .    (11) 
 
The inverse transform of the QLCT is given by 
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݂(࢞) = න ܮ஺భ,஺మℍ {݂}(࣓)ܭ஺భషభ(ݔଵ,߱ଵ)ܭ஺మషభ(ݔଶ,߱ଶ)࣓݀.
ℝమ
 
 
Or, equivalently, 
݂(ݔ) = න ܮ஺భ,஺మℍ {݂}(࣓) 1ඥ−2ߨߤܾଵ 1ඥ−2ߨߤܾଶ ݁ିభమఓቀ೏భ್భ௫భమି మ್భ௫భఠభା೏భ್భఠభమቁℝమ  × ݁ିభమఓቀ೏మ್మ௫మమି మ್మ௫మఠమା೏మ್మఠమమቁ࣓݀,                                                                       (13) 
 
where  
ܣଵ
ିଵ = (݀ଵ,−ܾଵ,−ܿଵ,ܽଵ) and ܣଶିଵ = (݀ଶ,−ܾଶ,−ܿଶ, ܽଶ). 
 
 
4. Application 
In this section, we introduce an application of the QLCT to study of the generalized 
swept-frequency filters (compare to [6]). These filters are linear time-varying systems. 
The output of generalized swept-frequency filters is given by 
ݕ(࢞) = ቂ݂(࢞) ∗ ݃(࢞) ቀ݁ିఓ೎భమ ௫భమ݁ିఓ೎మమ ௫మమቁቃ ݁ఓ೎భమ ௫భమ݁ఓ೎మమ ௫మమ 
= න ቂ݂(࢞ − ࣎)݃(࣎)݁ିఓ೎భమ ఛభమ݁ିఓ೎మమ ఛమమቃ ݀࣎݁ఓ೎భమ ௫భమ݁ఓ೎మమ ௫మమ
ℝమ
,              (14) 
 
where "∗ " is the traditional convolution operator. Here ݃(࢞) is the impulse response              
of the shift-invariant filter. Choosing the matrix parameters ܣଵ = (−ܿଵ, 1,−1, 0) and 
ܣଶ = (−ܿଶ, 1,−1, 0)  and then taking the LCT of both sides in the above equation we 
have 
ܮ஺భ,஺మℍ {݂}(࣓) = න න ቂ݂(࢞ − ࣎)݃(࣎)݁ିఓ೎భమ ఛభమ݁ିఓ೎మమ ఛమమቃ ݁ఓ೎భమ ௫భమ݁ఓ೎మమ ௫మమ
ℝమℝమ
 
     × 1
ඥ2ߨܾଵߤ 1ඥ2ߨܾଶߤ ݁ିఓ೎భమ ௫భమ݁ିఓ௫భఠభ݁ఓ೎మమ ௫మమ݁ିఓ௫మఠమ݀࢞݀࣎ = න න ቂ݂(࢞ − ࣎)݃(࣎)݁ିఓ೎భమ ఛభమ݁ିఓ೎మమ ఛమమቃ ݁ఓ೎భమ ௫భమ݁ఓ೎మమ ௫మమ
ℝమℝమ
 
     × 1
ඥ2ߨܾଵߤ 1ඥ2ߨܾଶߤ ݁ିఓ௫భఠభ݁ିఓ௫మఠమ݀࢞݀࣎. 
 
By making the change of variable ࢞ − ࣎ = ࢟  we immediately obtain 
ܮ஺భ,஺మℍ {݂}(࣓) = න න ݂(࢟)݃(࣎)݁ିఓ೎భమ ఛభమ݁ିఓ೎మమ ఛమమ
ℝమℝమ
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× 1
ඥ2ߨܾଵߤ 1ඥ2ߨܾଶߤ ݁ିఓఠభఛభ݁ିఓఠమఛమ݁ିఓఠభ௬భ݁ିఓఠమ௬మ݀࢟݀࣎                         = න ݂(࢟)ܮ஺భ,஺మℍ {݃}(࣓)
ℝమ
݁ିఓ௬భఠభ݁ିఓ௬మఠమ݀࢟ 
                  = න൫ ଴݂(࢟) + ࢏ ଵ݂(࢟) + ࢐ ଶ݂(࢟) + ࢑ ଷ݂(࢟)൯
ℝమ
ܮ஺భ,஺మℍ {݃}(࣓)݁ିఓ௬భఠభ݁ିఓ௬మఠమ݀࢟ 
           = න൫ ଴݂(࢟) + ࢏ ଵ݂(࢟) + ࢐ ଶ݂(࢟) + ࢑ ଷ݂(࢟)൯
ℝమ
ܮ஺భ,஺మℍ {݃}(࣓)݁ିఓ௬భఠభ݁ିఓ௬మఠమ݀࢟ 
                  = ܮ஺భ,஺మℍ {݃}(࣓) න ଴݂(࢟)
ℝమ
݁ିఓఠభ௬భ݁ିఓఠమ௬మ݀࢟ 
                        +࢏ ܮ஺భ,஺మℍ {݃}(࣓) න ଵ݂(࢟)
ℝమ
݁ିఓఠభ௬భ݁ିఓఠమ௬మ݀࢟ 
+࢐ ܮ஺భ,஺మℍ {݃}(࣓) න ଶ݂(࢟)
ℝమ
݁ିఓఠభ௬భ݁ିఓఠమ௬మ݀࢟ 
                        +࢑ ܮ஺భ,஺మℍ {݃}(࣓) න ଷ݂(࢟)
ℝమ
݁ିఓఠభ௬భ݁ିఓఠమ௬మ݀࢟. 
 
By the QLCT definition, we conclude therefore that                    ܮ஺భ஺మℍ {ݕ}(࣓) = ܮ஺భ,஺మℍ {݃}(࣓)ℱ௤{ ଴݂}(࣓) + ࢏ܮ஺భ,஺మℍ {݃}(࣓)ℱ௤{ ଵ݂}(࣓)                                                +࢐ܮ஺భ,஺మℍ {݃}(࣓)ℱ௤{ ଶ݂}(࣓) + ࢑ܮ஺భ,஺మℍ {݃}(࣓)ℱ௤{ ଷ݂}(࣓). 
 
We call ܮ஺భ,஺మℍ {݃}(࣓) as the transfer function of the generalized swept-
frequency filter in the QLCT domain. Equation mentioned above shows that the use 
of the QLCT generalizes the treatment of swept-frequency filters from the classical 
treatment of shift-invariant filters with the Fourier transform to the shift-invariant 
filters with the QLCT. 
 
 
Acknowledgments. 
This work is partially supported by Hibah Penelitian Kompetisi Internal Tahun 2014 
(No. 1454/UN4.20/PL.9/2014) from the Hasanuddin University, Indonesia. 
 
 
 
 
 
24  Mawardi Bahri 
 
References 
 
[1]   O. Akay, O., and Boudreaux-Bartels, G. F., 2001, "Fractional convolution and 
correlation via operator methods and an application to detection of linear FM 
signals," IEEE Trans. Signal Process., 49(5), pp. 979-993. 
[2]   Bahri, M., Ashino, R., and Vaillancourt, R., 2013, "Convolution theorems for 
quaternion Fourier transform: Properties and Applications," Abstract and 
Applied Analysis, Article ID 162769, 10 pages. 
[3]   Bahri, M., Hitzer, E., Hayashi, A., and Ashino, R., 2008, "An uncertainty 
principle for quaternion Fourier transform," Comput. Math. Appl., 56(9), pp. 
2411-2417. 
[4]   Kou, K. I., Ou, J. Y., and Morais, J., 2013, "On uncertainty principle for 
quaternionic linear canonical transform," Abstract and Applied Analysis, 
Article ID 725952, 14 pages. 
[5]   Ozaktas, H. M., Zalevsky, Z., and Kutay, M.A., 2001, The Fractional Fourier 
Transform with Application in Optics and Signal Processing, Willey, New 
York. 
[6]  Xiang, Q., and Qin, K. Y., 2011, "On the relationship between the linear 
canonical transform and the Fourier transform," Proc. 4th International 
Congress on Image and Signal Processing, pp. 2214-2217. 
[7]  Zhao, J., Tao, R., Li, Y.-L., and Wang, Y., 2009, "Uncertainty principles for 
linear canonical transform," IEEE Trans. Signal Proces., 57(7), pp. 2856-2858. 
